Abstract. We present a new setting of the geometric Hamilton-Jacobi theory by using the so-called time-evolution operator K. This new approach unifies both the Lagrangian and the Hamiltonian formulation of the problem developed in [7] , and can be applied to the case of singular Lagrangian dynamical systems.
Introduction
In a recent paper [7] , a new geometric framework for the Hamilton-Jacobi theory has been presented. It is stated both for the Lagrangian and Hamiltonian formalisms of autonomous and non-autonomous regular dynamical systems, as well as for singular unconstrained mechanical systems. This framework has also been used to analyze the Hamilton-Jacobi problem in a different ambient such as nonholonomic mechanics [8, 25, 26] , mechanics on Lie algebroids [28] and classical field theories [27] .
The so-called time-evolution K-operator (also known by some authors as the relative Hamiltonian vector field [32] ) is a tool which has mainly been developed in order to study the Lagrangian and Hamiltonian formalisms for singular mechanical systems and their equivalence. It was first introduced in a non-intrinsic way in [3] as an "evolution operator" to connect both formalisms, as a refinement of the technique used in [15] . This operator was later defined geometrically in two different but equivalent ways [9, 17] for autonomous dynamical systems, and in [6] for the non-autonomous case.
The aim of this work is to show how the geometrical setting of the Hamilton-Jacobi equation can also be stated in terms of the evolution operator, so obtaining a formulation of the problem that comprises both the Lagrangian and the Hamiltonian formalism of the theory, and can be applied to the case of singular systems with constraints.
The organization of the paper is as follows: in section 2 we review the Lagrangian an Hamiltonian geometric Hamilton-Jacobi theory. The main features and properties of the evolution operator are presented in section 3. Finally, section 4 is devoted to present the main contribution of the paper; that is, the geometrical setting of the Hamilton-Jacobi problem using the evolution operator.
Manifolds and maps are assumed to be smooth. Sum over crossed repeated indices is understood. The natural projections of the tangent and the cotangent bundles will be denoted respectively by τ Q : T Q → Q and π Q : T * Q → Q.
The Hamilton-Jacobi problem
Our formulation of the Hamilton-Jacobi problem is based on the idea of obtaining solutions of a second order differential equations by lifting solutions of an adequate first order differential equation. For details and proofs of the results stated in this section see [7] .
Lagrangian Hamilton-Jacobi problem
is the Lagrangian function of the system. Using the canonical structures in T Q (i.e. the vertical endomorphism S , and the Liouville vector field ∆ ∈ X(T Q)) we construct the Lagrangian forms
where the unknown is the vector field X L ∈ X(T Q). 
For a regular Lagrangian L ∈ C ∞ (T Q), the generalized Lagrangian Hamilton-Jacobi problem consists in finding a vector field X :
X is said to be a solution to the generalized Lagrangian Hamilton-Jacobi problem. 
X and X
is tangent to the submanifold X(Q)).
X satisfies the equation i(
The standard version of the Hamilton-Jacobi problem is by obtained considering a simplified problem. Given a Lagrangian function L ∈ C ∞ (T Q), the Lagrangian Hamilton-Jacobi problem consists in finding solutions X to the generalized Lagrangian Hamilton-Jacobi problem satisfying that X * ω L = 0.
The following assertions are equivalent:
1. X is a solution to the Lagrangian Hamilton-Jacobi problem.
Im X is a Lagrangian submanifold of T Q invariant by X L .

The integral curves of X L with initial conditions in
Im X project onto the integral curves of X.
. The coordinate expression of the second characterization, E(q i , ∂W/∂q i ) = constant, gives the classical form of the Hamilton-Jacobi equation in the Lagrangian formalism [31] .
Hamiltonian Hamilton-Jacobi problem
A Hamiltonian system is a pair (T * Q, H), where H ∈ C ∞ (T * Q) is the Hamiltonian function of the system. Using the canonical symplectic form ω = −dθ ∈ Ω 2 (T * Q) on the cotangent bundle T * Q, the Hamiltonian dynamical equation reads
where the unknown is the vector field Z H ∈ X(T * Q), which is called the Hamiltonian vector field. Its integral curves are the trajectories of the system, and they satisfy the Hamilton equations.
Given a Hamiltonian vector field Z H ∈ X(T * Q), the generalized Hamiltonian HamiltonJacobi problem consists in finding a vector field X : Q → T Q and a 1-form α :
This condition is equivalent to
Furthermore, if (X, α) satisfies the condition (3), then we obtain the following relation between these elements
where F H is the fibre derivative of H. A solution to the generalized Hamiltonian Hamilton-Jacobi problem for Z H is a 1-form
1. α is a solution to the generalized Hamiltonian Hamilton-Jacobi problem.
The submanifold Im α ⊂ T * Q is invariant under the flow of the vector field Z H (that is, Z H is tangent to the submanifold Im α).
α satisfies the equation i(X)dα
As in the Lagrangian formalism, we consider a simpler case which leads to the standard version of the Hamilton-Jacobi problem. Thus, given a vector field Z H ∈ X(T * Q), the Hamiltonian Hamilton-Jacobi problem consists in finding a closed 1-form α ∈ Ω 1 (Q) which is a solution to the generalized Hamiltonian Hamilton-Jacobi problem. Notice that dα = 0 is equivalent to α * ω = 0.
Theorem 4. Let α be a closed 1-form in Q. The following assertions are equivalent:
1. α is a solution to the Hamiltonian Hamilton-Jacobi problem.
d(α
3. Im α is a Lagrangian submanifold of T * Q invariant by Z H .
The integral curves of Z H with initial conditions in Im α project onto the integral curves of X
Since α is closed, there is a function W defined in an open neighborhood U ⊂ Q of every point and such that α = dW (in U). The coordinate expression of the second characterization H(q i , ∂W/∂q i ) = constant, gives the classical form of the Hamilton-Jacobi equation in the Hamiltonian formalism.
The evolution operator
The above results allow to study Hamilton-Jacobi theory for regular Lagrangians and the corresponding Hamiltonian problem, and provides an understanding of the situation whenever we have alternative Lagrangian descriptions for the same dynamical vector field [7] . However, it is well known that many interesting physical systems are defined by gauge invariant Lagrangians, a fact that forces the Lagrangian to be singular. It is therefore interesting to look for a more general formalisms where one can study easily the dynamics defined by singular Lagrangians and the Hamilton-Jacobi theory. One of such formalisms is provided by the so-called time-evolution operator K.
The definition given here for the evolution operator is based on the concept of section along a map [5, 11, 12, 30] , of which this operator is a particular case. We recall that a vector field Z along a map F : N → M, is a map Z : N → T M such that τ M •Z = F. The set of vector fields along F will be denoted X(F). An integral curve of Z ∈ X(F) is a curve γ :
To every vector field Z ∈ X(F) we can associate a F * -derivation i(Z) of degree −1 determined by 
2. (Second-order condition):
where π Q : T * Q → Q is the canonical projection.
The existence and uniqueness of this operator is studied in [17] , and it can be shown that it is explicitly given by K = χ•dL, where χ : T * T Q → T T * Q is the canonical isomorphism [35] . Its local expression is
By definition ϕ :
is the prolongation of ϕ to the tangent bundle T (T Q) of T Q. Moreover, as a consequence of the second-order condition (in the item 3), we have that ϕ =φ, for φ : R → Q, that is, ϕ is holonomic. We have the following commutative diagram
In coordinates the integral curves of K are characterized by the equationṡ
which are clearly equivalent to the Euler-Lagrange equations for L The most relevant properties of this operator are the following [3, 9, 17, 18]:
• If there exists a vector field X L on T Q which is a solution to the equation (1), then ϕ : R → T Q is an integral curve of X L if, and only if, it is an integral curve of K. As a direct consequence of this fact, the relation between K and X L is
• If there exists a Hamilton vector field X H on F L(T Q) ⊆ T * Q which is a solution to the Hamilton equations in the Hamiltonian formalism associated to the Lagrangian system (T Q, L), then ψ : R → T * Q is an integral curve of X H if, and only if,
As a consequence, the relation between K and X H is
Equations (8), (9) and (10) show how the Lagrangian and Hamiltonian descriptions can be unified by means of the operator K.
Other relevant results obtained using this operator are:
• The equivalence between the Lagrangian and Hamiltonian formalisms is proved by means of this operator in the following way: there is a bijection between the sets of solutions of Euler-Lagrange equations and Hamilton equations.
• The complete classification of constraints appearing in the constraint algorithms for singular dynamical systems is achieved. All the Lagrangian constraints can be obtained from the Hamiltonian ones using the K-operator in the following way:
Most of these results have also been generalized for higher-order Lagrangian systems [4, 10, 12, 23, 24] , and for the case of more general types of singular differential equations on manifolds [18] . The evolution operator K has also been applied for analyzing gauge symmetries, Noether's theorem and other structures for singular systems [14, 16, 19, 20, 21, 22] , and to study Lagrangian systems whose Legendre map degenerates on a hypersurface [32, 33] . Furthermore, although a covariant description of this operator was not available, it has also been used to study several characteristics of some physical models in field theory, namely the bosonic string [1, 2, 19] . Later on, the definition and some properties of the operator K have been carried out for field theories [13, 34] .
The Hamilton-Jacobi problem and the evolution operator
Let L be a Lagrangian on T Q, and let K be the associated time-evolution operator. Our aim is to characterize the solutions of the generalized Hamilton-Jacobi problem in terms of K. In this way, we will be able to find solutions to such problem even for a singular Lagrangian L.
For the following result, we recall that a vector field Z along a map F : N → M is tangent to a submanifold P ⊂ N if, for every p ∈ P, we have that Z(p) ∈ T p F(T p P). In other words, the restriction Z|P takes values tangent to F(P). 
K is tangent to Im(X).
T
Proof: [1 ⇒ 2] Let v ∈ T Q be a point in Im(X), and set q = τ Q (v), so that v = X(q). Let γ be the integral curve of X starting at q, γ(0) = q. It follows that the initial velocity of this curve iṡ
The curveγ is an integral curve of K, from where
But taking the projection, we have on one hand T π Q • K • X = id T Q • X = X, and on the other
Thus Y = X and the result follows.
and taking into account the definition of α we have
so thatγ is an integral curve of K.
[3 ⇒ 4] Taking the pullback by X of the equation
This equation is explicitly written as ω(D(q), T q α(w)) = 0, for every q ∈ Q and w ∈ T q Q. The vector field D along α is vertical
and since the vertical subbundle is Lagrangian for ω, it follows that ω(D(q), V) = 0 for every vertical vector V ∈ T α(q) T * Q. Finally, every vector W ∈ T α(q) T * Q can be written W = T α(w) + V, with w = T π Q (W) and V vertical, from where
and the result follows.
In general, the time-evolution operator K will not be tangent to the full space T Q, and the system will have constraints. Applying the constraint algorithm to our system, we can find a submanifold M ⊂ T Q such that K is tangent to it, which is known as the final constraint submanifold. In such a case we have to restrict our vector fields, and we must consider vector fields X taking values on the final constraint manifold.
The standard Hamilton-Jacobi problem is obtained by considering a simplification of our general problem. The equations in the item 5 are nonlinear in X and are difficult to solve, thus we may simplify the problem by looking for a particular kind of solutions, namely those vector fields X such that associated 1-form α is closed, that is, dα = 0. From here it follows that the energy is constant on the image of the section X, that is, X * E L = constant. This equations are said to be the Hamilton-Jacobi equation in the mixed formalism dα = 0 and X * E L = constant.
When we realize that α = X * θ L then we get the equations
which is the Hamilton-Jacobi equation in the Lagrangian formalism. Furthermore, assuming that the energy is F L-projectable, so that a Hamiltonian function H exists such that F L * H = E L , then from this relation we get the equations dα = 0 and α * H = constant, which is the Hamilton-Jacobi equation in the Hamiltonian formalism.
